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The problem of the periodic motions of a system with a small parameter is solved. The non-rough cases, when the problem cannot
be solved by a generating system obtained for a zero value of the small parameter, are investigated. Lyapunov’s idea of using a
new generating system which already contains the small parameter is systematically developed. Systems of general form, inverse
systems and systems close to inverse are investigated. © 1998 Elsevier Science Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM

Consider a fairly smooth autonomous or 2n-periodic system

x’ = X(x,2) + pX; (1, x,t), xeR" (1.1)
with a small parameter p. We will assume that when p = 0 the generating system

x" =X(x,1) 1.2)

admits of a periodic solution x = @(t), and we will investigate the issue on the existence in system (1.1)
when p # 0 of a periodic solution which changes into the solution ¢(¢) as p — 0.

The formulation of this problem is due to Poincaré [1], and the main method of solving it is Poincaré’s
method [1, 2], which was initially proposed for problems of celestial mechanics [1] and developed in
more detail for analytic systems of general form (1.1) [2]. Two cases arise when solving the problem:
(a) a rough case, when the property of system (1.1) of having a periodic solution is determined solely
by the generating system, and (b) a non-rough case, when, to solve the problem, it is necessary to consider
the perturbation uX;. In systems of the general form (1.1) the Poincaré-isolated case [2] is rough.

Generating system (1.1) belongs to a certain class K, for example, it is conservative, a Lyapunov system,
etc. The perturbations are also considered from a certain class P. System (1.2) from class K may be
rough in the sense of the property of possessing a periodic solution for perturbations from class P; and
of being non-rough for perturbations from class P,. The classes K and P are defined by the content of
the specific problem being investigated. In the theoretical scheme and when solving applied problems
it is correct to assume a class P identical with the class K, or to assume that the perturbations pX; are
of more general form.

In non-rough cases it is usual to analyse a perturbation of finite order (as a rule, the first) with respect
to the small parameter [2]. Thereby, one in fact (implicitly) constructs a new generating system, already
containing the small parameter. The idea of choosing such a generating system (in Hill’s problem) is
due to Lyapunov [3], but was not subsequently developed. Lyapunov’s approach, in well-known cases,
leads to the same results as Poincaré’s method. This approach turns out to be preferable when analysing
a number of non-rough cases, in particular, for oscillatory systems of standard form. This enables us
to formulate the conditions for a periodic solution to exist in a form assumed in averaging methods.

We will formulate the problem of the systematic development of Lyapunov’s idea in the problem of
periodic solutions of a system with a small parameter in non-rough cases. We will consider systems of
general form, inverse systems and systems close to inverse.

2. THE CHOICE OF GENERATING SYSTEM

Consider the autonomous or 2r-periodic system
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x' =X(g x,0)+pX, (e, 11.x,7), xeR"™ (2.1)

with two small parameters € and p. We will assume that when p = 0 system (2.1) allows of a 2T (¢)-
periodic solution x = (€, t), ¢(g, 0) = x* (T*(e) = = for 2n-periodic system (2.1)). We will investigate
in which class of functions p = u(e) the problem of the existence in (2.1) of a periodic motion can be
solved by the generating system obtained from (2.1) with u = 0. The problem of choosing the generating
system which contains the small parameter is thereby obviously solved.

We will denote by x(g, W, x5, . . ., x5, t) the solution of system (2.1) with initial conditions x5, . . .,
x5 Then, the necessary and sufficient conditions for 2T-periodicity of the solution (T = n for a 2n-
periodic system) have the form

X (&1, X,y X, 2T) ~x; =0 (s=1,...,m) (22)

and consist of a system of m functional equations inx$, . . ., xp, (and T in the case of an autonomous
system). This system is compatible for p = 0 and has a solution x° = x*, T = T*. Hence, introducing
the increments Ax® = x° ~x*, AT = T — T*, system (2.2) can be represented in the form

Z [F;,(e)+F i JAx; +[G; (€)+ G, AT + uY¥, (€, 1, AX°, AT) =0 (s=1,...,m) (2.3)

Jj=1

The functions F;; and G, depend on ¢, Ax°, AT and vanish when Ax° = 0, AT = 0.

1. A periodic system. Here AT = 0. When rank || F3;(0) || = m we have the rough case with respect
to € and W, while the solution x = ¢(0, £) of system (2 1) when € = p = 0 is continued with respect to

the parameters € and p [2].
Consider the non-rough cases when rank || F5;(0) || = m ~ k (k > 0). Here, without loss of generality,

we will assume that
F‘;.(e)=e[aaj+ﬁ;}(e)] (a=1,..,k), Ax;=¢€§, (s=1,...,m)

where a,; is independent of € and Fg;(0) = 0. Then, system (2.3) takes the form

Z] [aa/"' oq(e)"‘ -(£,e§)]§,+£2-‘l‘a(e,u.e§)=o (o=1,....k)
I_

(2.4)
Z 5 (€)+ By (.60, + £ (e eD=0 B=k+l...,m)

If p= O(**°), 6 > 0, system (2.4) withe = O has a unique solution g =0 (s = 1, ..., m) provided
that

i o | =
ran K (0) =m (2.5)
When condition (2.5) is satisfied, system (2.4) is also compatible for sufficiently small € # 0, where
E=0E") (s=1,...,m),if ¥y(0,0,0)= 0(s =1,...,m). Hence, in general, we have Ax° = O(e”")
Similar discussions also hold i in the case when the non- degeneracy of the matrix || F5;(€) || is verified
by terms of order €' inclusive.

Theorem 1. Suppose a 2m-periodic solution exists in the 2n-periodic system (2.1) when p = 0.
Then, in any class of functions p = 0(s 2+%) 5 > 0, system (2.1) also has a 2rn-periodic solution if
rank Il F3;(€) | = m, and this condition is verified by Taylor polynomials of order v for the functions

F3i(e). Here the initial conditions for periodic solutions when p = 0 and p # 0 differ by a quantity of
the order of €'+,

The case rank || F3;(0) || = m — k arises, in particular, when the solution x = ¢(0, ) belongs to the
k-family, i.e. system (2 1) when € = p = 0 allows of a k-family of 2n-periodic solutions. In this case the
functions F,j(o. = 1 , k) in (2.3) vanish together with €. Hence, system (2.3) is solvable for the weaker

condition p = O(e! °) c>0.
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Theorem 2. Suppose a 2n-periodic solution x = (g, #) exists in the 2n-periodic system (2.1) when
p = 0, which when € = 0 belongs to a certain family. Then, in any class of functions p = O(e!*°),
o > 0, system (2.1) also has a 2r-periodic solution, if rank || F};(€) l| = m, and this condition is verified
taking into account terms in the matrix || F3;(€) || that are in linear in €. Here the initial conditions for
periodic motions when . = 0 and p# 0 diflfer by a quantity of the order of €°.

2. The autonomous system. In this case AT may be non-zero, and when analysing the compatibility
of system (2.3) the matrix || F3;(€) || must be replaced by the matrix || F3;(€), G3(€) I

Theorem 3. Suppose a 2T*-periodic solution exists in autonomous system (2.1) when p = 0. Then,
in any class of functions L = O(e?'*°), 6 > 0, system (2.1) also has a 27(g)-periodic solution provided
rank || F%;(€), G¥(€) Il = m, and this condition is verified by Taylor polynomials of order v for the functions
F(g), G¥(e). In this case the initial conditions for periodic solutions when L = 0 and p # 0 differ by
a quantity of the order of £"*° like their periods. If here rank || F3;(€) || = m, then when p # 0 in system
(2.1) a 2T*(g)-periodic solution also necessarily exists.

Similarly, as also in the periodic system, there is an important special case.

Theorem 4. Suppose a 2T*-periodic solution x = ¢(g, #) exists in the autonomous system (2.1) when
u = 0, which belongs to a certain family when € = 0. Then, in any class of functions p = O(e}*°),
o > 0, system (2.1) also has a 27(g)-periodic solution, provided that rank || F7;(€) || = m, and this
condition is verified taking into account terms in the matrix || F3;(€), G(€) || that are linear in €. In this
case the initial conditions for periodic motions when p = 0 and p # 0 differ by a quantity of the order
of O(¢°), the same as their periods. If, in this case rank || F;(€) | = m, then when p # 0 a 2T*(g)-
periodic solution also necessarily exist in the system.

Notes. 1. It is obvious that the conditions of Theorems 14 guarantee the uniqueness of the periodic solution of
system (2.1) when p = 0 for each € # 0; the generating system obtained from (2.1) when p = 0 is rough. A Poincaré-
isolated case occurs in system (2.1) with one small parameter p.

2. In Theorems 1-4 one does not need to know the periodic solution of system (2.1) when p = 0; it is sufficient
to construct the periodic solution with accuracy €.

3. Constructively, the conditions rank || F;(€) || = m, rank || F§;(¢), G5(¢) || = m are verified by calculating (with
the necessary accuracy with respect to £) the characteristic exponents of the system of equations in variations in
the neighbourhood of the solution x = ¢(g, ¢) of system (2.1) when pu = 0.

4. In the autonomous case (Theorems 2 and 4) it is assumed that the family is defined not only by an arbitrary
constant added in the solution to time.

3. A SYSTEM OF STANDARD FORM

We will assume that the generating system

x =X(g,x,t), xeR" 3.1
obtained from (2.1) with p = 0, allows of a family of k parameters 4,, . . . , A, (k =< m) of periodic
solutions when € = 0, where rank || dx}/d4; || = k. We will choose as the new variables of the problem
Yo =Agpzg(a=1,...,kB=k+1,...,m)so that the transformations (x,, xp) —> (Yo, yp) is non-

degenerate. For example, we can retain the variables xp as the variables zg. Then, as a rule, we arrive
at the problem of the periodic motions of a system of standard form

y. = EY(E, Y.z, ‘) + |J.Y|(E, WY,z l)
(3.2)

2 =Zo(y, 2, 1) +€Z(E, ¥, 2, 1) + 0Zi(E, 1, ¥, Z, 0)

which is of independent interest.

Note that in the case of autonomous system (2.1), among the parameters Ay, . . . , A; there is no
arbitrary constant added in the solution to ¢, and in the case when the period depends on Ay, ..., Ay,
by introducing a new independent variable we arrive at a periodic system of the form (3.2) with a period
which is independent of these constants.

We will investigate the following system, which is more general than (3.2)
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Yo =P Y (6, Y,2.0) + Ba W (6 1L.Y,2.8) (@ =1,...,k)
z,',=Zop(y,z,t)+az,,(e,y,z,t)+uZ,p(e,p.,y,z,t) PB=k+1,...,m)

(3.3)

Pa€ N, 1e(0) =0, @ =1, . . ., k) with right-hand sides that are 2r-periodic in ¢, assuming that the
system
z§=Zob(A,z,t), A=const B=k+1,..,m) (34)

allows of a 2n-periodic solution z = ¢(A, ¢).
The necessary and sufficient conditions for the solution of system (3.3) to be 2r-periodic have the

form
Yo (&1, ¥°,2°%,2R) — yo =0 (a=1,...,k)
i} : (3.5)
zﬂ(e,u,y°,z°,21t)—z§ =0 B=k+1,..,m)

(¥°, Z° are the initial conditions for y and z, respectively), where the first group of equations in (3.5) is
satisfied identically for y°, z° when € = 0, u = 0. Hence, taking into account the proportionality of the
rate of change of the variable y, to the quantity €% we can write system (3.5) in the form

Ea(¥°,2°)+&14 (€,Y°.2°) + RoE P fo (&, 1,¥°,2°) =0 (a.=1,...k)
(3.6)
Np(y°,2°) + My (€.,5°,2°) + Hgy (€, 11,¥°,2°) =0 (B=k+1,....m)
where the functions &;,(g, ¥°, 2°), N1p(€, ¥°, 2°) vanish when € = 0. Hence it follows that by choosing

U = 0(€P?), u = o(€) as € — 0, system (3.6) is compatible for sufficiently small € # 0, if solutions of
the system of equations

Eo(¥°.2°)=0, N(y°.2°)=0 (a=L..kiB=k+1,...,m) (.7)

exist and are simple.
The second group of equations in (3.7) for any y° = A allows of a solution z° = ¢(A, 0). Hence, the
problem of finding the roots of Egs (3.7) leads to the compatibility of the system

Ea(A,@(A0)=0 (a=1,...k) (3.8)
The functions &, in (3.8) are determined by integrating the system of differential equations
E, =Y, (0,A,@(A,1),1) (a=1,..,k)

in the interval [0, 2]. Consequently, the roots of Eqs (3.8) are calculated from the system of amplitude
equations

2
I,(A)= | Y (0.A,@(ANNd=0 (a=1,....k) (3.9)
0

A unique solution of (3.6) corresponds to each simple root A* of these equations, which satisfy the
condition det|| Ing/dyf|| # 0 when y° = A*, 2° = ¢(A*, 0) for sufficiently small € £ 0. We have thereby
proved the existence of 2n-periodic motions in system (3.3). These motions are described by the formulae

yu=A;+£p“j Y, (0,A%, (A", 1), )dt +o(e?) (o=1,...,k)
0

2 =0Pp(A",1)+0(€) B=k+1...m) (3.10)

Theorem 5. To each simple root A* of the amplitude equation (3.9), for which equations in variations
for system (3.4) when A = A* do not have roots of the characteristic equation equal to unity, there
corresponds a unique 2n-periodic solution of system (3.3), if p, =o(eP%), L = o(€) and € — 0.
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Notes. 1. When the right-hand sides of system (3.3) are 2r-periodic in the va_n;iablg{ 2141 - - - 2l = K),
Theorem 5 also establishes the existence of rotational motions, 2x-periodic on R x T™ (T™ is a torus of dimension
m —I). For such motions the solution z = ¢(A, ¢) satisfies the conditions

0i(A1+2m) = @;(A.1), @;(A.t+2m)-@;(A,1)=0mod2r)
(i=k+1,.. L j=1+1,..m)

2. Theorem 5 allows of an extension to the case when Eq. (3.4), for fixed values p of the parameters
A, =AY, ..., A, = A} and arbitrary values of the remaining parameters A4, - . . , Ap, allows of a family of
By, ..., B, 2n-periodic solutions z = AL, ... A Apsr, - Ap By, - - » Bp, D).

Corollary. To each simple root A* of the amplitude equation

2x
I(A)= j Y(0,A,1)dt=0 (3.11)
0

of the 2n-periodic system
y =uY(ys), yeR" (3.12)

there corresponds, for sufficient small p # 0 a unique 2n-periodic solution

t
y=A"+uf Y(0,A ,0dt+o(p)
0

of system (3.12).

Example. A quasilinear system with one degree of freedom.
1. The autonomous system

x" +0%x=pF(u,x,x°); ©=const>0 (3.13)

When p = 0 we have a family of 2n/w-periodic with respect to ¢ solutions x = Acose that is single-parametric
from A. We change to the Van der Pol variables 4 and ¢. As a result we obtain a system which we can write in the
form of a single equation

dA__p F(u,Acos@,~Awsin@)sin@
dp  ® o-p(@A) F(1,Acos®,~Awsin@)cose

with a right-hand side that is 2n-periodic in ¢. From the corollary of Theorem 5 we derive the following [2]: to
each simple root A* of the amplitude equation

2%
| F(0,Acos@,~Awsin@)singde =0
0
there corresponds a unique solution, 2n-periodic in ¢

[ 4
A=A"+u| F0, Acosg, — Awsing)sin gdp+o(j)
0

ﬂ=m——-"—l—} F(0,Acos@, — A®sin@)cos@de +o(j)
d’ (M. o > 44

of Eq. (3.13).
2. A periodic system with a principal resonance

2+ 0lx=pF(x .0, FuLxx t+2m)= F(hxx" ), 0?=1-pa (3.14)
When u = 0, Eq. (3.14) allows of a family of 2n-periodic solutions, which is two-parametric from A and B

x=Acost+Bsint, x*= -Asint+Bcos¢

We make the replacement (x, x*) — (A4, B) in (3.12). As a result we obtain
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* =—uF*(1,A,B,f)sint, B =puF*(},A,B,r)cost
F*(u,A.B,t)ma+ F(u,Acost + Bsint, — Asint + Bcost,1)
According to the corollary of Theorem 5, to each simple root (4*, B*) of the amplitude equation

2 2
P(A.B)= | F*(0.A.B.0)sinidt=0, Q(A.B)= | F*(0,A,B,f)costdt=0
0 0

B(P.Q)/G(A,B)I(A. " 0

there corresponds a unique 2n-periodic solution

t t
x= [A‘ -uf F’(O,A‘,B‘.r)sintdt}cost +[B‘ +uf F‘(O,A‘,B‘,r)eostdt]sint+o(u)
0 0

of system (3.14).

4. DEGENERATE SYSTEMS

1. A resonant system. The problem of the rotational motions of a system in the resonant case also
leads to an investigation of system (3.12).
Consider the following system, 2n-periodic in ¢

y; = l»lYu(u,sz,t) (a= lu---!k)
3p =0 +UZg(1,Y,2,1), wg=const (B=k+1,...,m) 4.1)

in which the right-hand sides are also 2n-periodic with respect to the variable zg. We will assume that
system (4.1) is resonant, i.e. (g = pplap - aght (B=k+1,...,m), where pgqg € Z(gg# 0),ap = const.
In this case, by introducing the new variables (g = z - (pp/gp)t (B = k + 1, ..., m) we obtain the following
system, 2nl-periodic in ¢ (/ is the least common multiple of the numbers | gx41 1l - - ., | g |)

¥ =R Y150 Vi Crat + (Prat / Qs oons En + (P / G )001) @2
42

Cl.! = H[ap +Zp(l»l,)’1'---,)’h§k+l +(pk+l /qk-c-l)tr""gm +(pm /qm)tvt)]
(@=1...kB=k+1,...,m)

of the form (3.12). According to the corollary of Theorem 5, to each simple root (A*, B*) of the amplitude
equation

] !
| YO,A,B+(p/q)t.0)dt =0, [ [a+Z(0,A,B+(p/q)t.t)dt=0
0 0

there corresponds a unique 2n/-periodic solution of system (4.2). The corresponding solution of system
(4.1) has the form

'
Yo = Aq + 1| Y,(0,A",B® +(p/q)t,)dt +o(p) (a=1,...k)
0

t
z5 =gt + By + 1 Zy(0,A"B" +(p/ @t,0ds +o(p) B=k+1,...m)
0

2. The case of multiple roots of the amplitude equation. We will assume that in the 2nl-periodic system
(3.12) the amplitude equation (3.11) has a multiple root A*, where

JdI(A)

=m- 43
e Mt (43)

ranki
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and simple elementary dividers correspond to the root A* in (4.3). In this case, we make the following
replacement in system (3.12)

t
y=A"+pz+pf(t) (0<o=<1), f(t)=] Y(0,A%,1)d:
[

As a result we obtain

2" = p{P,(O)z+ 1 1@O)]+ LRy 1)z +p' "R()]? +p' oY /op +...)
P,(r)=0Y(0,A,1)/ 9A, 2P,(1)=9°Y(0,A,r)/0A?

where all the partial derivatives are evaluated with L =0, A = A*.

We will first assume that the matrix Py(¢) is constant. In this case condition (4.3) and the simple
elementary dividers in (4.3) guarantee the existence of a non-degenerate linear transformation z —
(&, m) with constant coefficients, such that, in the new variables, the system takes the form

5& = uH“[EOa(g 7]»‘) + Ho'—:qa(li, g’ n, t) + “’l 20:(‘)(1 (gv o t) + u —a:l‘a(uv §»"l. t)]
“4.4)
m
ng = u{ )k: QM + W Hog (&1, 1)+ ' Hig (& m, t)]
J=k+1
(a=1,...kP=k+],....m)
where the linear system n* = Qm has a unique (zero) 2n-periodic solution.
Obviously, (4.4) is a system of the form (3.3) withp, =1 + o, pg = 1.
Consider the system of k equations
n .
| [Eo(B,0,8)+Eq, (B,0,0]dt =0 (a=1,....k) 4.5)
0
in the k constants By, . . . , B;. Suppose B* is a simple Broot of this system. Then, we put 6 = 1/2 in

(4.4) and, using Theorem 5, we derive the existence in system (4.4) of a unique 2rn-periodic solution
. K . . n* ¥%
ga = B(l +,J' 2] [EOa(B ,0,t)+an(B ,O,t)]df‘*'o(u 2): T‘B = 0(“‘)
0

with p# 0. Consequently, system (3.12), for fairly small p# 0, has a unique 2n-periodic solution, which
differs from the generating constant solution A* by a quantity of the order of u'2.

The case of multiple roots of the system of equations (4.5) is reduced by the above scheme to an
analysns of a new system of amplitude equations. In the case when the integrals in (4.5) are identically
Zero, it is [ecessary to analyse the second derivatives of the function Y(u, Y, ) w1th respect to p and to
choose 6'°. As a result, we establish the existence of a periodic solution in O(u'*)—the neighbour-
hood of the generating solutions A*. Other degenerate cases can be investigated similarly (see also [5-7]).

In the case of a periodic matrix P(z), the above scheme does not undergo any appreciable changes
if the linear system z' = P;(#)z has a k-family of 2n-periodic solutions. This occurs, for example, when
m=k=1

5. PERIODIC SOLUTIONS IN THE p°-NEIGHBOURHOOD OF THE
GENERATING SOLUTION (THE GENERAL CASE)

In Sections 2-4 we considered limiting cases when the property of the system has a periodic solution,
and is determined solely by the generating system (Section 2) or only by the perturbations (Sections 3
and 4). At the same time, an investigation of the case of multiple roots of the amplitude equation (Section
4, paragraph 2) shows that in the general case all terms on the right-hand side of (1.1) correspond to
the existence of a periodic solution. Another important feature is the fact that, when investigating non-
rough cases, the fact that the periodic solution x = ¢(¢) of the generating system (1.2) belongs to a
certain family is not always known in advance. These facts enable us to consider the following system
instead of Eqs (1.1) in the general case
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Yy =P@y+Y(@y.0+pX;(,w(t)+y,2), yeR" (5.1)

obtained by making the change y = x — ¢(¢) in the neighbourhood of the periodic solution ¢(f).
We will assume that the matrix P(f) and the functions Y and X are 2n-periodic in ¢, while the linear

system
y =P(t)y (5.2)
allows of a k-parametric family from B, . . ., B
y=B0,()+...+ B0, (= ¢(B,1) (53)

of 2n-periodic solutions. We thereby encompass both the case of a family of periodic solutions of
generating system (1.2), and also the case when we know that the solutions x = ¢(t) belong to a certain
family.

Note that the condition for the family (5.3) to exist is satisfied when there are exactly k simple zero
characteristic exponents, and the latter condition is constructively verified. This case is investigated below.

We will make the replacement y — gy of an already small parameter € = p° (0 < ¢ < 1), characterizing
the smallness of the deviation of the solutions of systems (1.1) and (1.2) from one another. We obtain
as a result

y =Py +e MYy, 1) +Y, (&, y, 0]+ 1 01X, (0. @(2),1) +eQ()y +

54
RO+ X nevl Q=[] R(r)=(——1——ax (a‘:;"")

where A = 1 (A € N), the matrix Q(¢) and the vector R(¢) are calculated for x = ¢(t), p = 0, while the
function X, (i, €, y, f) vanishes when € = p = 0 and is an order higher than the first in € and p.

We will denote by {z,,(¢)} the system of 2n-periodic solutions of the linear system, conjugate with
system (5.2), and by making the replacement y — (&, m) we reduce (5.2) to a system with constant
coefficients. Then

g = }"f {e"()q,, +e¥,)+ u“"[xl,(O. qz>(t),t)+f:.)"fl Q¥ +UR, + Xz,]}zm(t)
o

s=1
w =Gn+HEWLEND (@=1,..k neR™™*) (5.5)

and among the eigenvalues of the matrix G there is none equal to il (/ € Z).
We will assume initially that the following conditions are satisfied on the solution ¢(f)

2x

:

which are necessary for a 2r-periodic solution to exist in system (1.1), apart from terms linear in p.
Then, by the transformation

5 X, 0,000,024 (d =0 (@=1,....k) (5.6)
=]

t

I m
8o = 8a +1' [ 3 Xi1,(0,0(0), 02,0 (1)t
0 s=1
we obtain a system of the form (5.5), in which X, (0, ¢(?), £) = 0. This system is of the type (3.3), and
the problem of the existence of a periodic solution in it reduces to analysing an amplitude equation.
Consider the following system of amplitude equations

2%m |'m
I,(B)= I‘Z [2 Q,,-(t)w,-(B.t)zm(t)]dt=0 (a=1,...,k) ;.7

0 s=1 | j=1

s=1

2% m
I.B)+ | 3 % (W(B.0, 02 (Ddt =0 (@=1,....k) (58)
0
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2x m
I,B)+ | T Rzt =0 (at=1,...,k) (5.9)
0 s=1
2x m
Io(B)+ [ Y [Yo,(W(B).0)+ R, (1)]zeq ()dt =0 (a=1,...,k) (5.10)
0 s=1

System (5.7) is a system of linear algebraic equations and, for a non-zero determinant A, has a unique
(zero) solution. In this case, assuming 1/A < ¢ < 1 in (5.5), we arrive, on the basis of Theorem 5, at
the existence in (1.1) when A > 1 of a unique 2n-periodic solution

x=@()+ e, (1) +o(1) (5.11)

If we know that, in the generating system (1.2), the solution @(f) belongs to the family ¢(A, t) of
parameters A4y, . . . , Ay, Eqs (5.6) serve to determine the quantities A = A* in the generating solution.
The sufficient condmon for the solution to be continued over pis A= 0.

When a simple root B* of system (5.8) exists, we putc = 1/A. Then, on the basis of Theorem 5, we
conclude that the following 27-periodic solution exists in (1.1) when A > 1

x=@)+uleB’,1)+o(n°), o=1/21 (5.12)

Obviously such a situation is possible both when A # 0 and when A = 0.
When A # 0, Egs (5.9) also have a unique, in the general case, non-zero solution B*. When A > 1
we choose ¢ = 1, and on the basis of Theorem 5, we conclude that the following 2n-periodic solution

exists in (1.1)
x = @) + Ul (1) + Y(B*, )] +o(1) (5.13)

When A = 1 the periodic solution also has the form (5.13), if system (5.10) has the simple solution
B*. This is possible both when A # 0 and when A = 0. When the solution @(¢) in the generating system
belongs to the family ¢(A, ¢) of parameters A, . . . , Ay, Eq. (5.10) acquires the form (5.9), and the
sufficient condition for the periodic solution to be continued over pis A= 0.

We will now assume that conditions (5.6) are not satisfied. In this case we put ¢ = 1/(1 + 1), and on
the basis of Theorem 5 we conclude that the periodic solution

x=@@)+u’PB',H+o(n’°), o=1/(1+2) (5.19)
corresponding to the simple root B* of the amplitude equation
25 m
| X [Yos(B(B,0),0)+ X1,(0,0(2), )z ()dt =0 (0 =1,...,k) (5.15)
0 i=l

exists.

Theorem 6. A single 2rn-periodic solution of system (1.1) corresponds to each simple root B* of
any of the systems of amplitude equations (5. 7)~(5.10) and (5.15) provided p is sufficiently small.
Here the periodic solutions in cases (5.7)—(5.10) exist when conditions (5.6) are satisfied and have the
form (5.11)~(5.13), respectively, a solution of the form (5.13) corresponds to cases (5.9) and (5.10),
and the generation of all three types (5.11)—(5.13) of periodic solutions simultaneously is possible.
The periodic solution in the case of (5.15) has the form (5.14), exists, when conditions (5.6) are not
satlsﬁed and differs from the periodic solution of the generating system by a quantity of the order of

ne (o = 1/(1 + A)).

6. AN INVERSE SYSTEM

The theory of periodic motions for an inverse system was developed in [8-14]. We develop this theory
further below.
1. Motion on a fixed set. The following assertion holds.



334 V. N. Tkhai

Theorem 7. Any motion of a 2n-periodic inverse system
v =U,), Umt+2m)=Us), Um-1)=-UMmrs); ueR (6.1)
is 2n-periodic or a position of equilibrium.
In fact, each solution u; = ¢(u°, t) is determined by the value u° of the variable u at the instant of
time ¢ = 0. The property of invertibility also guarantees the existence, together with the solution ¢(u’, t),

of the solution u, = ¢(u°, —t). The existence of one other solution u; = ¢(u®, 2n — ¢) follows from the
2n-periodicity of system (6.1). Further, we have

1, (0)=u(0)=u®, u(n)=u;3(n)=¢u°nx)

Consequently, uy(t), u,(¢) and us(¢) describe one and the same solution. This solution will be 2r-periodic
because u;(2r) = u3(0) = w’. In a special case it degenerates into the equilibrium position u*, found
from the equation U(u*, ¢) = 0.

Note. All solutions of autonomous inverse system (6.1) are equilibrium positions.

Corollaries. 1. In the inverse 2n-periodic system
v =pU(p,u,8), U@u-1)=-U,ut); ueR

with small parameter u, when p# 0 a 2n-periodic motion is generated from each equilibrium position
if the equation U(p, u*, 7) has no constant solutions u*.
2. All motions of the autonomous or 2n-periodic inverse system

v =U@wv.s), v=V@mv, ueR, veR"

which belong, as a whole, to the fixed set M = {u, v: v = 0}, are 2xn-periodic or positions of equilibrium.
3. The linear 2n-periodic system

x =P@)x, P(-1)=-P(t); xeR"
is stable and has only 2n-periodic or constant solutions.
2. Cesari’s method. Consider the 2n-periodic inverse system
u =Ue, v.0) + pU; (1,0, v,2), v =pVi(Lu,v,2); ueR!/, veR" (6.2)

with fixed set M = {u, v: v = 0} and small parameter p. When u = 0 system (6.2) allows of an /-family
of 2n-periodic motions

u=@(A,n), v=0, ¢ =U(p01) (6.3)

which belong to a fixed set (Theorem 7). We will investigate the question of whether a 2n-periodic motion
exists in system (6.2) when p # 0, which changes into one of the motions (6.3) when p = 0.

Suppose u(, u°, v°, £), v(u, u°, v°, ¢) is the general solution of system (6.2) with initial conditions u®,
v* when ¢ = 0. Then, the necessary and sufficient conditions for 2nk-periodicity of the solution,
symmetrical about the fixed set, have the form

v uys...,u7,0,...,0,mk) =0 (s=1,...,n)

This system is satisfied identically when p = 0 and any k € N. Hence, we can represent system (6.3) in
the form

_f;.(llo,1tk)+|.l.gs(|.1,ll°,1tk)=0, f;.(u‘,’(k)E av‘(g')“",t) (6.4)
M n=0,r=xk
(s =1,...,n)and in the case of the root u* of the system of equations fs(u’, k) =0 (s = 1,...,n),

which satisfy the condition rank || df;/du}|| = n, system (6.4) admits of a solution for sufficiently small
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n# 0. The partial derivatives in (6.4) are found from the equations

d{ov )
ey n = 6.5
dt[ au ) Uls(p'sll,V,t)"'uapll],(ﬂ.,ll,v,t) (s 1,_"’") ( )

with zero initial conditions. Substituting the general solution of system (6.2) into the right-hand side
of (6.5) and assuming p = 0, we obtain

° 2x
w= Jvi,(0,0°,0,0)dt (s=1,...,n) (6.6)
Mt 0

Consequently, the following theorem holds.

Theorem 8. To each root A* of the amplitude equation
xk
IA)= | V,(0,¢(A,1),0,1)dt =0
0

for which rank || dI(A*)/0A* || = n, there corresponds a 2nk-periodic solution, symmetrical with respect
to the fixed set M

t
u=@A" N+ ug [(3—?) (1) + U, (0, «p(A',t))]dH o(1)

V= O+ o), W)= [ V(0 (A" 1), t)dr
0

(the asterisk denotes a calculation with p = 0, u = @(A*, t) of system (6.2).
Notes. 1. It is obvious that the conditions of Theorem 8 can only be satisfied when ! = n. When ! > n, Theorem
8 establishes the existence of an (! — n)-family of 2nk-periodic motions.

2. Theorem 8 establishes the existence of periodic motions in the p-neighbourhood of the fixed set.
3. In Cesari’s method [15, 16] the case U(u, v, ¢) = 0 is considered.

3. A system of standard form. Consider the inverse 2nk-periodic system
u =pUi(wv,), v =V@)+pV(Luv,); ueR!, veR" (6.7)

with fixed set M = {u, v: v = 0} and small parameter u. We will assume that the right-hand sides are

also 2n-periodic in v.
When p = 0, system (6.7) allows of a family of solutions, symmetric about M

u=A,v=V(A) (6.8)
Consider those of the solutions (6.8) which satisfy the conditions
v,(A)=p,/q,+po; p,eZ, g, eN, o, =const (s=1,...,n) (6.9)
for which we make the replacement
uj; = Aj +§j, vo=(p,lght+n, (j=1..5 s=1,..,n)
As a result we obtain the system
£ =pU,(LA+EP/Qt+m0) (6.10)
M =PA+HA, &) +ulo+V (LA+E(p/q)+m,1)

(H are terms non-linear in &) with right-hand sides that are 2ng-periodic in ¢, where q is the least common
multiple of the numbers gy, . . ., g,,.
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Suppose rank P = k < n. Then numbers %y, . . . %,y, (v =k + 1,.. ., n) exist such that

MIVPU +...,+‘K"vpnj =O (j= 1,...,[; V=k+1,.--,n)

Hence, by means of a linear transformation with constant coefficients we can always reduce the last
n — k equations to a form in which, when pu = 0, there are no terms linear in §& We now make the
replacement (€ Ny, . . ., Moo Mt 15 - - - > Mw) = (& N1, - - -, BNt Mit1s -+ - » T)» 1/2 < 6 < 1. Then,
Egs (5.10) take the form

£ =p'"U,(u,A+p°E %Hu"n,,...,z—"ﬁu"nk, P+ t+11k+|,...,-p—"-t+n,,,t)
{ k

k+1 n

|
M= 3 Py A + 1 ° Hy(AR°E)+1loy +V;, ()] A =1...k) (6.11)
j=!

n, =H,(A,u°%, &) +plo, +V, ()] (v=k+1,..n)

(the arguments in square brackets in the last two groups of equations are clear from the form of (6.10)
and (6.11)). Now, using the necessary and sufficient conditions [9] for a 2ng-periodic symmetric solution
to exist and employing the same arguments for (6.11) as were used in paragraph 2 of Section 6, we
arrive at the conclusion that the following theorem holds.

Theorem 9. In the resonance case (6.9) for sufficiently small p# 0 in system (6.7) an (/ - n + k) family
ofl—n + k quantities from A4, . . . , A, exists, symmetrical about the fixed set M of 2ng-periodic solutions

on the torus

!
u=A+ uj U, (0,A,(p/ @)t,t)dt +o(R), v=V(Ax+u[V,(0,A,(p/qQ)t.1)+0(1)
0 0
if

IV(A)E? [ot, + Vi, (0,A,(p/ q)t,1)ldt =0 (v=k+1,....n)
0

rank P =k, rank||9I(A)/9A|l, =n—k (6.12)

(the asterisk denotes a calculation for values of A which satisfy Eqs (6.12)).

Corollary. If rank P = n, an I-family of 2ng-periodic symmetrical solutions exists in the resonance
case (6.9)

4. The existence of an I-family of periodic solutions. Consider the 2rn-periodic inverse system
uw=pU, (L, v,0), v =Vuv,)+uV,eyvt); ueR, veR" (6.13)
with fixed set M. When p = 0 we have
u=A(const), v'=V(A,v1) (6.14)

We will assume that the equation for v in (6.14) admits of an odd 2n-periodic solution v = (A, ?),
W(A, —t) = —i(A, ) and we make the following replacement: u = A + p, v = W(A, t) + q. We then
obtain

p =uU, (LA +p,P(A,1)+q,0) (6.15)
q'=B_(A,0)q+B,(A,0)p+Q (A p,q.0)+uVi(1, A +p,Y(A 1) +q,0)

where the plus (minus) subscript denotes a matrix with even (odd) functions, while Q, is a function
that is non-linear in p and q.
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We first consider the linear system
q =B_(A,f)q+B,(A,)a (o =const) (6.16)

When « = 0, system (6.16) is inverse and has only even 2n-periodic solutions (Corollary 3 of Theorem
7), which form a fundamental system q* (¢, 7); q* (¢, T) = I, is the identity matrix of the initial conditions
(when t = 7). Hence, when a # 0 the odd solution of system (6.16) has the form

T O=[q"¢.TB(A Dadt
0

According to the results obtained previously [9] the condition rank q (%) = n is sufficient for the
whole family of A periodic solutions u = A, v = (A, f) of the generating system to be continued over
the parameter . In this case we have

u=A+u[po+O(1+ o), 0(1)=|U,(0,A, (A1), 1)de

, ° (6.17)
v=y(A,0)+pfq" (4, T)(B,(A, P’ +6(T)]+ V,(0,A, ¥(A, 7)., 1)}dT + o(1)

V]

The constants p° are chosen from the condition for the integral for v to be equal to zero when ¢ =
n. The latter is always possible when rank q (%) = n.

Theorem 10. For sufficiently small p# 0 system (6.13) admits of an /-family of A symmetric 2n-periodic
motions (6.17) if rank q*(%t) = n.

Note. When p = 0, system (6.13) can have a periodic solution of the form (6.14) only for fixed A = A*. In this
case, the condition rank q () = n guarantees the existence of only some motions (when A = A*) of the form (6.17).

Example. Assume that the second-order 2n-periodic system

X =uXQLx .0,y =x+p¥(,x 1) (6.18)

is invertible with a fixed set {x,y : y = 0}. When i = 0 we have a unique (zero) periodic solution. The matrix g (f)
consists of one element g(f) and is calculated by integrating system (6.18) with u = 0 with initial conditions x° =
1,y° = 0. We have g™(t) = ¢,47(n) = n# 0. Consequently, in the neighbourhood of zero, system (6.18) has a unique
2n-periodic solution

t T
x= u[x° + } X (0,0.0,t)dt] +o(p), y=uf [x° +[X(0,0,0,v)dv +Y(0,0,0, 1)]4( +o(1)
0 0 0

Xt
e+ j[ | X(0,0.0,v)dv+Y(0,0,0,t)]dt=0
oLo

7. SYSTEMS CLOSE TO INVERSE SYSTEMS
Consider the 2rn-periodic system
u'=U(u,v,t)+|.lU|(l—l,“yVJ) (71)
v =V(u,v,0)+pV(1,u,v,t); ueR!, veR" ({=n)

We will assume that when p = 0, system (7.1) is inverse with a fixed set M = {u, v: v = 0} and admits
of a symmetrical 2n-periodic solution

u=@(1), v=9@); e(-=¢(), b(-t)=-Ub() (72)

while the perturbations pU;, pV; do not belong to the class of inverse systems. We will investigate the
problem of the 2n-periodic solutions of system (7.1) when p # O when the generating system (with
1 = 0) is rough for perturbations of the class of inverse systems.
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1. Roughness in the class of perturbations of general form. We make the following replacement in (7.1):
u = () + p, v=Y(t) + q. As a result we obtain

p =A_(p+A,(1)g+P(p,q.0)+ U (1 p(r) + pP(1) + q.7) (7.3)
q =B, ()p+B_(1)q+Q(p,q.1) + LV (1L, @) + P, Y(1) + q.0)
where the plus (minus) subscript denotes a matrix with even (odd) functions and P and Q are terms
non-linear in p and q.

The fundamental matrix of solutions of the approximation, linear in p and q, when p = 0 has the
form [9]

pr@®) p ()

., S0)=1,,
a® q'® a

S =

(1; is the identity j-matrix). Moreover, if q *(27) has no eigenvalues equal to unity, then S(2x) has exactly
| — n eigenvalues [14], equal to unity. The following theorem therefore holds.

Theorem 11. If we have [ = n, det(q*(21) ~I,) # 0 in system (7.1), then, for sufficiently small p # 0
in (7.1) a unique 2n-periodic solution exists, which is invertible into the symmetric solution (7.2) when

p=0.

2. The casel > n. We will assume, as before, that the matrix q*(2x) has no eigenvalues equal to unity.
Then, in the matrix S(¢) in the last # columns, there are no 2xn-periodic solutions [14], while the k-family
(k = I — n) of 2n-periodic solutions

pj_=.<p;(B,t)=B,cp},(t)+...+B,‘<p;,‘(t) (=1....0) (7.4)
g, =V.(B,)=Byy(+..+Bya () (s=L...n)

is symmetric with respect to the set {p, q : ¢ = 0}. If we introduce a small parameter € = p° into system
(7.3) by means of the replacement (p, q) — (€p, £q) and use the system {67,(f), x }v(*)} of 27-periodic
solutions of the conjugate linear system, the equations for By, . . . , B, have the form

B, =€"F,(e,p.q.0)+ & 'R, (1, @(1) + ep, (1) + €,1) (V=1,....k) (7.5)

v

F,= s”ll: i P, (gp,£q,1)05, (1) + Bi O (ep, eq,t)xgv(t)]
a=| =1
!
Ry = T Ui (L, () +£p,d(t) + €9, )85, (1) +
a=I|
+ 3 VgL @)+ Ep, (D) + 0,005, () (heN, A>1)
B=1

Further analysis requires the setting up of the amplitude equation and the determination of its simple
roots. The two cases of Section 5 are possible here. We will consider only one of these cases below.

Suppose solution (7.2) belongs to the k-family or 2n-periodic solutions u = ¢(A, 7), v = (A, ). In
this case the amplitude equation has the form

2n
| Fi(0.0(A, 1), W(A,1),1)dt =0 (7.6)
0

Theorem 12. For sufficiently small p # 0, to each simple root of amplitude equation (7.6) there will
correspond a unique 2n-periodic solution of system (7.1), which differs from the symmetrical solution

by a quantity O(l).

Note. Amplitude equation (7.6) corresponds to case (5.7). It is obviously easy to write amplitude equations in
the cases corresponding to (5.8)—(5.10) also.
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3. The case rank q"(%) = n. In this case in the part of system (7.3) that is linear in p and g when u = 0
there is an ({ - n)-family of 2n-periodic solutions, symmetric with respect to the set {p, q : q = 0}. When
rank p™(w) = n we arrive at case 2. If rank p"(n) x < n, this linear system also has an (n — »)-family
of 2n-periodic solutions symmetric with respect to the set {p, q : ¢ = 0}. Using the periodic solutions
of the conjugate linear system, we arrive at a system of the form (7.5) in which v changes from 1

to1-x.

Hence, only when 1 = n can the inverse generating system be rough in the sense of the property of
having periodic motion if perturbations of general form are considered. Note also that the most
degenerate cases, when the inverse generating system is not rough even for perturbations from the class
of inverse systems, is investigated similarly for perturbations of general form, like the cases considered
here. Here it is necessary to use well-known results [14] on the investigation of inverse systems and

also those described in Section 5. These cases are omitted due to shortage of space.
This research was supported financially by the Russian Foundation for Basic Research (96-15-96051

and 97-01-00538).
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